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Abstrat
The note is devoted to estimates for onvolutions appearing in some lass of
stohasti Volterra equations. Two maximal inequalities and exponential tail esti-
mate are proved by the frational method of innite dimensional stohasti alulus.
The paper extends on non-semigroup ase some results obtained earlier for semi-
groups.
1 The aim of the paper
Assume that (Ω,F , (Ft)t≥0, P ) is a probability spae with a omplete right-ontinuous
ltration and W (t), t ≥ 0, a ylindrial (Ft)  Wiener proess with values in a separable
Hilbert spae U and a ovariane operator Q. Let H be a separable Hilbert spae with a
salar produt (·, ·) and a norm | · | and let {ek} be a omplete orthonormal system in H .
Assume that ψ(t), t ≥ 0, is an appropriate proess, dened below.
In the paper we studyH-valued stohasti onvolutions orresponding to linear stohas-
ti Volterra equations of the form
X(t) = X0 +
∫ t
0
a(t− τ)AX(τ)dτ +
∫ t
0
ψ(τ) dW (τ) , (1)
where t ∈ R+, X0 ∈ H, a ∈ L
1
loc(R+), A is a losed linear unbounded operator in H with
a dense domain D(A) and W is as above.
Key words and phrases: stohasti linear Volterra equation, resolvent, mild solution, stohasti on-
volution, frational alulus.
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We assume that the equation (1) is well-posed and denote by {S(t)}t≥0 ⊂ B(H),
where S(t)(D(A)) ⊂ D(A), the family of bounded linear operators in the spae H alled
resolvent for the equation (1). Then the mild solution to (1) has the form
X(t) = S(t)X0 +
∫ t
0
S(t− τ)ψ(τ) dW (τ) t ≥ 0 . (2)
The aim of the paper is to provide some estimates for the stohasti onvolution arising
in the mild solution (2). In order to do it we will use the fatorization method of innite
dimensional stohasti alulus.
Till now some people applied that method for obtaining, among others, the following
results: ontinuity of mild solutions to stohasti evolution equations, maximal inequali-
ties or some exponential tail estimates for stohasti onvolutions, see [11℄ and referenes
therein. In all papers semigroups of operators played the ruial and indispensable role.
In our ase, the operators S(t), t ≥ 0, do not form any semigroup and in the onse-
quene, we an not use the known results diretly. Unfortunately, beause of the lak of
semigroup property, the method used in the paper does not provide existene of ontinu-
ous modiation of the stohasti onvolutions onsidered. To the best of our knowledge
there are no papers joining the fatorization method with stohasti Volterra equations.
2 Fatorization method
The fatorization method in stohasti ase onsists in representing trajetories of a pro-
ess under onsideration like result of the omposition of two frational integral operators.
When one of them has very smoothing property, the whole omposition is regular.
The stohasti fatorization method has been introdued by DaPrato, Kwapie« and
Zabzyk [2℄. In that method the ruial role plays a C0-semigroup R(t), t ≥ 0, of
bounded, linear operators on a separable Hilbert spae H with the innitesimal generator
B, where D(B) ⊂ H . For an H-valued integrable funtion f, α ≥ 0, the generalized
RiemannLiouville integral is dened as follows
Iα f(t) :=
1
Γ(α)
∫ t
0
R(t− s)(t− s)α−1f(s)ds, t ∈ [0, T ], T > 0 . (3)
The family Iα, α > 0, forms a semigroup of operators, that is, Iα+β = Iα(Iβf)(t), t ∈
[0, T ], α, β > 0 .
The spae HW := Q
1/2U is the reproduing kernel of the proess W . Let L2 =
L2(HW , H) denote the spae of all Hilbert-Shmidt operators ating from HW into the
spae H with the Hilbert-Shmidt norm || · ||2.
(ψ1): Assume that ψ(t), t ∈ [0, T ], is an L2-valued preditable proess and
E(
∫ T
0
||ψ(t)||22 dt) < +∞.
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Then for arbitrary C0-semigroup R(t), t ≥ 0, the stohasti integral
W ψB (t) :=
∫ t
0
R(t− τ)ψ(τ) dW (τ), t ∈ [0, T ],
alled stohasti onvolution, is a well-dened, H-valued stohasti proess.
In fat, the above stohasti onvolutionW ψB is well dened under the weaker ondition
on the proess ψ, that is, P(
∫ T
0
||ψ(t)||22 dt < +∞) = 1. Nevertheless, we introdue
the stronger one (ψ1) beause it guarantees the useful property (see (17)) of stohasti
integral. Then we may write W ψB (t) = Iα(I1−α
◦
W )(t) , where
◦
W denotes the derivative of
the proess W and the proess Yα := I1−α
◦
W is dened like the stohasti integral
Y˜α(t) =
1
Γ(1− α)
∫ t
0
(t− τ)−αR(t− τ)ψ(τ) dW (τ), t ∈ [0, T ] .
Then the formula W ψB (t) = IαY˜α(t), t ∈ [0, T ], is the required stohasti fatorization
formula.
Now, W ψB is a well-dened C[0, T ]-valued random variable, provided Y˜α is an L
p(0, T )-
valued random variable with α > 1/p, beause the operator Iα ats from L
p(0, T ) into
C(0, T ) ontinuously.
3 Auxiliary estimates
In this setion we study relationships between the following proesses:
Y (t) :=
∫ t
0
(t− s)β−1 S(t− s)ψ(s) dW (s) =
∫ t
0
(t− s)−α S(t− s)ψ(s) dW (s) , (4)
Yα(t) :=
1
Γ(1− α)
Y (t) , (5)
Z1(t) :=
∫ t
0
(t− s)α−1 S(t− s) Y (s) ds , (6)
and Z2(t) := Cα
∫ t
0
S(t− s)ψ(s) dW (s) , (7)
for t ∈ [0, T ], where α, β are positive numbers suh that α+ β = 1, Cα = Γ(α)Γ(1−α) =
pi
sinpiα
and S, ψ,W are like earlier with ψ(s) : U → D(A) ⊂ H, s ≥ 0, satisfying (ψ1).
In the formulas (4)-(7), S(t), t ≥ 0, denote the orresponding resolvent operators for
Volterra equations of the form (1). Let us reall that S(t) is linear for eah t ≥ 0,
S(0) x = x holds on D(A), and S(t) x is ontinuous on R+ for any x ∈ D(A). Moreover,
S(t) is uniformly bounded on ompat intervals. Finally, S(t) ommutes with A, that is
S(t)(D(A)) ⊂ D(A) and AS(t)x = S(t)Ax for all x ∈ D(A) and t ≥ 0. Additionally, the
3
so alled resolvent equation holds S(t)x = x +
∫ t
0
a(t − σ)AS(σ)xdσ for all x ∈ D(A)),
t ≥ 0. By ||S(t)|| we will denote the norm of the operator S(t), for t ≥ 0. For more
details onerning suh operators we refer to the monograph [8℄.
For simpliity we assume that the operator A in the equation (1) is negative and
diagonal with respet to the basis {ek}, that is Aek = −µk ek, µk > 0, k ∈ N .
Let s(t; γ) denote the solution of the one-dimensional Volterra equation
s(t; γ) + γ
∫ t
0
a(t− τ) s(τ ; γ) dτ = 1, t ≥ 0 γ ≥ 0 , (8)
where a∈L1loc(R+) is the same like in (1). Under our assumptions onerning the resolvent
of the equation (1) and the operator A, the operators S(t), t ≥ 0, are determined as follows
S(t) ek = s(t;µk) ek, k ∈ N . (9)
In the paper we shall study the lass of linear Volterra equations of the form (1) whih
satisfy the below hypothesis.
Hypothesis
(s) The solutions to the equation (8), onneted with the equation (1) are submultiplia-
tive funtions, that is for any t, τ ∈ [0, T ], s(t + τ) ≤ s(t) s(τ).
Comment: Integrodierential equations of the form
X(t, θ) = X0(θ) +
1
Γ(α)
∫ t
0
(t− s)α−1∆X(s, θ) ds , (10)
where Γ(α) is the gamma funtion,∆ is Laplaian and α ∈ [1, 2), are examples of equations
satisfying the above assumption (s). For more details, see e.g. [8℄ or [3℄.
Corollary 1 If S(t), t ≥ 0, and s(t; γ) are like in (8)-(9) and the assumption (s) holds,
then for any x ∈ D(A)
|S(t+ τ) x| ≤ |S(t)S(τ) x| .
Analogously, for any funtional φ ∈ H∗,
φ(S(t+ τ) x) ≤ φ(S(t)S(τ) x) . (11)
In order to prove the orollary it is enough to use the relationship (9), the assumption
(s) and linearity of the operators S(t), t ≥ 0.
Lemma 1 Assume that 0 < (1/p) < α < 1, the proess Y (t) given by (4) is well-dened
and has p-integrable trajetories. When the ondition (s) holds, then for all t ∈ [0, T ], for
any φ ∈ H∗
φ(Z2(t)) ≤ φ(Z1(t)) , (12)
where Z1(t), Z2(t), t ≥ 0, are dened by formulas (6) and (7), respetively.
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Proof: Under the assumption (ψ1), the stohasti integral
∫ t
0
ψ(s) dW (s), for t ∈ [0, T ],
is an H-valued loal martingale.
We introdue the following notation: φ is an arbitrary linear funtional belonging to
the spae H∗, m(t) := φ(
∫ t
0
S(v − s)ψ(s) dW (s)) denotes an auxiliary square integrable
martingale dened for any t ∈ [0, v], where v ∈ [0, T ].
For any linear funtional φ and v we may write:
φ(Z2(v)) = Γ(α) Γ(1− α)m(v) = Γ(α) Γ(β)
∫ v
0
dm(r)
=
∫ v
0
[∫ v
r
(v − s)α−1(s− r)β−1ds
]
dm(r) =
(from Fubini's theorem for martingales)
=
∫ v
0
(v − s)α−1
[∫ s
0
(s− r)β−1dm(r)
]
ds
=
∫ v
0
(v − s)α−1
[
φ
(∫ s
0
(s− r)β−1S(v − r)ψ(r) dW (r)
)]
ds ≤
(from the property (11))
≤
∫ v
0
(v − s)α−1
[
φ
(
S(v − s)
∫ s
0
(s− r)β−1S(s− r)ψ(r) dW (r)
)]
ds
=
∫ v
0
(v − s)α−1φ (S(v − s) Y (s)) ds = φ(Z1(v)) .

Corollary 2 From the estimate (12) and Shwarz inequality, for any φ ∈ H∗ there exists
h ∈ H suh that
|φ(Z2(t))| ≤ |(Z1(t), h)| ≤ |Z1(t)| |h|, t ≥ 0 . (13)
4 Inequalities
This is worth to emphasize the ontributors to the maximal inequalities and exponential
tail estimates. Kotelenez [4,5℄ and Tubaro [10℄ studied the ase of ontration semigroups
when p = 2. In [6℄ a maximal inequality for an analyti semigroup is derived while Chow
and Menaldi [1℄ obtained exponential tail estimates for some diusion proesses in Hilbert
spaes.
Theorem 1 Assume that proesses Z1(t), Z2(t) and operators S(t), t ≥ 0, are as above
and the proess ψ(t) fullls (ψ1). Then for any φ ∈ H∗, p > 2, there exists a onstant
c˜p > 0 suh that
E
(
sup
t≤T
(φ(Z2(t)))
p
)
≤ c˜p
(
sup
t≤T
||S(t)||p
)
T p/2−1 E
(∫ T
0
||ψ(s)||p2 ds
)
. (14)
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Proof: For α suh that 1/p < α < 1/2, from (5), (6) and (3) we have
|Z1(t)| = |IαYα(t)|, t ∈ [0, T ] .
Then, by Hölder's inequality, where q = p/(p− 1):
|Z1(t)| ≤
1
Γ(α)
∣∣∣∣∫ t
0
(t− s)(α−1)S(t− s) Yα(s) ds
∣∣∣∣ (15)
≤
1
Γ(α)
(∫ t
0
(t− s)(α−1)q||S(t− s)||q ds
) 1
q
(∫ t
0
|Yα(s)|
p ds
) 1
p
.
Now, from (13) and (15),(
sup
t≤T
(φ(Z2(t)))
p
)
≤ cp
(∫ T
0
T (α−1)q||S(s)||qds
) p
q
(∫ T
0
|Yα(s)|
pds
)
,
where cp :=
|y|p
(Γ(α))p
. Then
E
(
sup
t≤T
(φ(Z2(t)))
p
)
≤ cp
(∫ T
0
T (α−1)q ||S(t)||qdt
) p
q
E
(∫ T
0
|Yα(s)|
pds
)
. (16)
Now, we shall estimate the last term in (16). We shall use the following property of
the stohasti integral: there exists a onstant c that
E
(∣∣∣∣∫ t
0
ψ(s) dW (s)
∣∣∣∣p) ≤ cE(∫ t
0
||ψ(s)||22 ds
) p
2
, where p > 0, t ∈ [0, T ]. (17)
From (5) and (16):
E
(∫ t
0
|Yα(s)|
p ds
)
≤
c
(Γ(1− α))p
E
{∫ T
0
(∫ s
0
||(s− σ)−αS(s− σ)ψ(σ)||22 dσ
) p
2
ds
}
(writing out the Hilbert-Shmidt norm)
≤
c
(Γ(1− α))p
E
{∫ T
0
(∫ s
0
||(s− σ)−αS(s− σ)||2||ψ(σ)||22 dσ
) p
2
ds
}
=
c
(Γ(1− α))p
E
(∫ T
0
[(f ∗ g)(s)]
p
2 ds
)
,
where f(s) := ||s−α S(s)||2, g(s) := ||ψ(s)||22.
From the Young's inequality
E
(∫ T
0
|Yα(s)|
p ds
)
≤
c
(Γ(1− α))p
(∫ T
0
s−2α||S(s)||2 ds
) p
2
E
(∫ T
0
||ψ(s)||p2 ds
)
. (18)
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The inequalities (16) and (18) provide
E
(
sup
t≤T
(φ(Z2(t)))
p
)
≤ c˜p
(∫ T
0
T (α−1)q||S(t)||q dt
) p
q
(∫ T
0
t−2α||S(t)||2 dt
) p
2
× E
(∫ T
0
||ψ(s)||p2 ds
)
≤ c˜p
(
sup
t≤T
||S(t)||p
)
T p/2−1E
(∫ T
0
||ψ(s)||p2 ds
)
,
where
c˜p :=
c cp
(Γ(1− α))p
, and p(α− 1) +
p
q
+ (−2α + 1)
p
2
=
p
2
− 1 .

Comment: Beause the operators S(t), t ≥ 0, do not form any semigroup we an not
expet the equality of the proesses Z1(t) and Z2(t), t ≥ 0. In other words, by using
the fatorization method we are not able to prove that the proess Z2(t) has ontinuous
modiation Z1(t), t ≥ 0.
We may formulate the inequality "symmetri"to (14).
Theorem 2 Assume that Z1(t), Z2(t) and operators S(t), t ≥ 0, are as above. Then for
any φ ∈ H∗, for arbitrary p ∈ (2, 1
α
) and α ∈ (0, 1
2
), there exists a onstant cˆp that
E
(
sup
t≤T
(φ(Z2(t)))
p
)
≤ cˆp
(∫ T
0
t−2α||S(t)||22 dt
) p
2
E
(∫ T
0
||ψ(t)||pdt
)
. (19)
Proof: The proof of (19) is nearly the same like the proof of (14). The dierent is the
writing out the Hilbert-Shmidt norm ||(s− σ)−α S(s− σ)ψ(σ)||2 only. 
Comment: In our ase the assumptions of the Theorem 2 mean that the resolvent
operators S(t), t ≥ 0, must be of Hilbert-Shmidt type. The question is: what kind of
Volterra equations admit resolvents fullling that assumption? Good andidates seem
to be the integrodierential equations (10) mentioned earlier beause of the form of the
resolvents. We an see (e.g. [8℄), that the resolvent operators S(t), t ≥ 0, of (10) are
represented by the fundamental solutions Pα(t, x) of (10) aording to
(S(t)v)(x) =
∫ ∞
−∞
Pα(t, x− y) v(y) dy , t ≥ 0, x ∈ R . (20)
Fundamental solutions Pα in (20) are well-known for α = 1, and for the limiting ases
α = 0 and α = 2. For our purposes, beause of the hypothesis (s), we may onsider ases
α ∈ [1, 2), studied in details by [3℄ and [9℄.
Now, we shall adapt the result obtained by Peszat [7℄ for the onvolution Z2(t), t ∈
[0, T ], given by (7). We introdue the following denition and assumptions.
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Denition 1 We say that proess ψ : Ω× [0, T ]→ L(H,H) is point-preditable if for all
g, h ∈ H the proess (ψ(t)g, h), t ≥ 0 is preditable with respet to the ltration (Ft), t ≥ 0.
(ψ2) Here we assume that the Hilbert spae U = H and that the proess ψ : Ω× [0, T ]→
L(H,H) is point-preditable.
(κ) There exist α0 ∈ (0,
1
2
) and p0 > 1 suh that
κT :=
(∫ T
0
t(α0−1)p0 ||S(t)||p0dt
)1/p0
< +∞ , for any T > 0.
Theorem 3 Assume that the operators S(t), t ≥ 0, are as above, the proess ψ(t), t ≥ 0,
fullls (ψ2), and onditions (s), (κ) are satised. Assume that there exists a onstant
η < +∞ suh that
sup
0≤t≤T
∫ t
0
(t− s)−2α0 ||S(t− s)ψ(s)||22 ds ≤ η , P  a. s. (21)
Then for all δ > 0 there exist onstants C, κT that
P
{
sup
0≤t≤T
|φ(Z2(t))| ≥ δ
}
≤ C exp
{
−
δ2
κ2T η
}
. (22)
Proof: In our ase, beause we prove only the estimate (22) but not ontinuity, the
proof is simple. First of all, we formulate the inequality (11) in the ase when the proess
ψ(t), t ≥ 0, satises ondition (ψ2). Basing on Lemma 3.3 in [7℄, we have∫ T
0
E exp
{
1
9η
|Y (t)|2
}
dt ≤ 4T , (23)
where
Y (t) :=
∫ t
0
(t− s)−α0S(t− s)ψ(s)dW (s), t ∈ [0, T ] .
Then, following the estimate from the proof of Lemma 3.4 in [7℄, we have:
for any φ ∈ H∗ there exists h ∈ H that
sup
0≤t≤T
φ(Z2(t)) ≤
sinα0pi
pi
sup
0≤t≤T
|Z1(t)||h| ≤
c
3
κT ||Y ||Lq(0,T ;H) . (24)
Now, using the estimates (23) and (24) we obtain the inequality
E exp
{
sup0≤t≤T φ(Z2(t))
κ2Tη
}
≤ C .
This estimate and Doob's inequality omplete the proof of Theorem 3. 
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The fatorization method applied to some lass of stohasti linear Volterra equations
has provided similar estimates like that obtained earlier for stohasti evolution equations.
Unfortunately, beause of lak of semigroup property (in general, the resolvent operators
S(t), t ≥ 0, orresponding to the Volterra equations onsidered do not form any semi-
group), the fatorization method does not provide ontinuity of stohasti onvolutions
arising in Volterra equations. The fatorization method seemed to be more promising for
obtaining ontinuity than it nally appeared. We have seen, that the assumption about
semigroup property is indispensable for ontinuity by that method.
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